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We study the Abelian projection of quark confinement in SU(3) quenched lattice QCD, in terms
of the dual superconductor picture. In the maximal Abelian gauge, we perform the Cartan de-
composition of the non-Abelian gauge field on a 324 lattice with spacing a ≃ 0.058, 0.10 fm (i.e.,
β = 6.4, 6.0), and investigate the interquark potential V (r), the Abelian part VAbel(r), and the
off-diagonal part Voff(r). For the potential analysis, we use both on-axis data and several types
of off-axis data, with larger numbers of gauge configurations. Remarkably, we find almost perfect
Abelian dominance of the string tension (quark-confining force) on the large-volume lattice. Also,
we find a simple but nontrivial relation of V (r) ≃ VAbel(r) + Voff (r).
PACS numbers: 11.15.Ha, 12.38.Aw, 12.38.Gc
I. INTRODUCTION
Deriving quark confinement directly from quantum
chromodynamics (QCD) is one of the most important un-
solved issues remaining in particle physics [1]. Although
its analytical proof is not yet known from QCD, lat-
tice QCD Monte Carlo simulations show that the static
quark-antiquark (QQ¯) potential is well reproduced by a
sum of the Coulomb and linear confinement terms as [1–
3]
V (r) = −A
r
+ σr + C, (1)
with the interquark distance r, the string tension σ, the
color-Coulomb coefficient A, and an irrelevant constant
C. Since quark confinement is phenomenologically in-
terpreted with a linear interquark potential at long dis-
tances, the strength of quark confinement is controlled by
the string tension σ, i.e., the linear slope of the interquark
potential. The linear confinement term σr is considered
to be caused by “one-dimensional squeezing” of the in-
terquark color-electric flux, which is shown by lattice
QCD studies [1]. Historically, such a one-dimensional
property of hadrons leads to several interesting theoret-
ical frameworks, such as the string theory, the flux-tube
picture [4], and the Lund model [5] for hadron reac-
tions based on the Schwinger mechanism. Nevertheless,
the physical origin of the color-flux squeezing is not yet
clearly understood.
For the one-dimensional color-flux squeezing, the dual-
superconductor picture proposed by Nambu, ’t Hooft and
Mandelstam in the 1970s [6] seems to provide a plausible
scenario. In this picture, the QCD vacuum is assumed
to be a “dual superconductor” (i.e., the electromagnetic
dual version of a superconductor), and the electric-flux
squeezing is caused by the dual version of the Meissner
effect in superconductors, similar to the formation of the
Abrikosov vortex (see Fig. 1). This picture provides us
with a guiding principle for the modeling of quark con-
finement. For example, based on the dual superconduc-
tivity, the dual Ginzburg-Landau theory [7] is formulated
as a low-energy effective model of QCD, and describes
confinement phenomena and the flux-tube structure of
hadrons.
However, there are two large gaps between the dual
superconductor and the QCD vacuum:
• The dual superconductor is governed by an Abelian
U(1) gauge theory like QED, while QCD is a non-
Abelian SU(3) gauge theory.
• The dual superconductor requires the condensation
of color-magnetic monopoles (i.e., the electromag-
netic dual version of Cooper pairs), while QCD does
not have such monopoles as elementary degrees of
freedom.
On account of these two gaps, it seems difficult to define
the dual-superconducting picture precisely from QCD.
Indeed, the gluon field in QCD has both diagonal and off-
diagonal parts, Aµ =
∑8
a=1A
a
µTa =
~Aµ · ~H +
∑
αA
α
µTα,
with the diagonal generators (Cartan subalgebra) ~H =
(T3, T8) and the off-diagonal generators {Tα}α=1,2,4,5,6,7
of SU(3). Here, T3 = diag(1/2,−1/2, 0) and T8 =
(1/2
√
3)×diag(1, 1,−2). The off-diagonal part∑αAαµTα
induces the non-Abelian nature.
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FIG. 1: (a) In superconductors, magnetic flux is repelled
due to Cooper-pair condensation, and is squeezed into a one-
dimensional tube like the Abrikosov vortex. (b) In the dual-
superconductor picture, the QCD vacuum is regarded as an
electromagnetic dual version of the superconductor: the in-
terquark color-electric flux is squeezed into a one-dimensional
form due to magnetic-monopole condensation.
2As a possible solution to fill in the above two gaps,
’t Hooft proposed the “Abelian projection” [8, 9], a math-
ematical procedure to reduce QCD to an Abelian gauge
theory including monopole degrees of freedom. In par-
ticular, lattice QCD studies [10–13] indicate that the
maximally Abelian (MA) projection—a special Abelian
projection—seems to be successful in extracting infrared-
relevant Abelian degrees of freedom from QCD. (The con-
cept of Abelian projection may have wide utility, and
it was recently applied to multiband superconductors in
condensed matter physics [14].)
The MA projection has two steps. (i) The diago-
nal part of gluons ~Aµ · ~H is maximized by minimizing
the off-diagonal part
∫
d4x
∑
µ,α |Aαµ(x)|2 in Euclidean
SU(3) QCD under the gauge transformation [10–13].
This procedure, called MA gauge fixing, is a partial
gauge fixing which remains Abelian gauge degrees of
freedom of U(1)2. (ii) SU(3) QCD is projected onto a
U(1)2 Abelian gauge theory by dropping the off-diagonal
part of gluons,
∑
α A
α
µTα. It is known that the MA-
projected Abelian theory well reproduces QCD phenom-
ena at long distances, which is called “Abelian domi-
nance” [9, 11–13, 15]. As a remarkable fact in the MA
gauge, color-magnetic monopoles appear as the topo-
logical object corresponding to the nontrivial homotopy
group π2(SU(3)/U(1)
2) = Z2 [8, 9, 15]. Thus, by the
MA projection, QCD is reduced to an Abelian gauge
theory including both electric- and magnetic-monopole
currents, which is expected to provide a theoretical basis
for the monopole-condensation scheme for the confine-
ment mechanism. Several lattice QCD studies show the
appearance of monopole worldlines covering the whole
system [10, 12] and the magnetic screening [16], which
suggest “monopole condensation”. Thus, the QCD sys-
tem resembles a dual superconductor by way of the MA
projection.
However, such lattice studies were performed mainly in
simplified SU(2) color QCD, and there are only several pi-
oneering studies on the Abelian dominance of quark con-
finement in actual SU(3) color QCD [17–19]. Stack et al.
first studied the Abelian projection of the QQ¯ potential
using SU(3) quenched lattice QCD with 10316 and 164
at β = 5.9 and 6.0 [17], respectively. Boryakov et al. in-
vestigated similar subjects in SU(3) quenched QCD with
16332 at β = 6.0 and full QCD, using the simulated an-
nealing algorithm [18]. Also in SU(3) color, approximate
Abelian dominance of the string tension was found as
σAbel/σ ≃ 0.83–0.93. (See Table I.)
In this paper, we perform a quantitative analysis for
the MA projection of the QQ¯ potential in SU(3) QCD
at the quenched level. Then, we examine the Abelian
dominance of quark confinement. After the MA gauge
fixing, the SU(3) link variables are factorized with re-
spect to the Cartan decomposition of SU(3) into U(1)2
and SU(3)/U(1)2. Then, we calculate the original SU(3)
QQ¯ potential V (r), the Abelian part VAbel(r), and the
off-diagonal part Voff(r). For each sector, we investigate
both the linear confinement and Coulomb parts through
TABLE I: The simulation conditions (β, the lattice size L3Lt,
and the gauge configuration number Ncon) and the results
(lattice spacing a, the physical spatial size La, and the string
tension ratio σAbel/σ). Here, the lattice spacing is deter-
mined so as to reproduce the string tension of σ = 0.89
GeV/fm. The results of previous studies are shown on the
last three lines. We investigate the six types of interquark
directions, while Stack et al. [17] did one type (on-axis) and
Bornyakov et al. [18] did three types [the interquark direc-
tions are (1, 0, 0), (1, 1, 0), (1, 1, 1)].
β L3Lt Ncon a [fm] La [fm] σAbel/σ Ndir Ref.
6.4 324 200 0.0582(2) 1.86(1) 1.015(09) 6
6.0 324 200 0.1022(5) 3.27(1) 1.009(10) 6
5.8 16332 600 0.148(1) 2.37(2) 1.00(2) 6
6.0 16332 600 0.102(1) 1.64(1) 0.94(1) 6
6.0 12332 400 0.104(1) 1.25(4) 0.94(3) 6
6.2 16332 400 0.075(1) 1.20(1) 0.95(2) 6
5.9 10316 440 0.123(3) 1.23(3) 0.93(6) 1 [17]
6.0 164 600 0.105(1) 1.68(2) 0.90(4) 1 [17]
6.0 16332 – 0.1 1.6 0.83(3) 3 [18]
an accurate fit analysis.
II. CARTAN DECOMPOSITION IN SU(3)
MAXIMAL ABELIAN GAUGE
In the lattice QCD formalism, the gauge field is de-
scribed by the link variable Uµ(s) = e
iagAµ(s) ∈ SU(3),
with the lattice spacing a and the gauge coupling g. To
perform the SU(3) MA gauge fixing, we maximize
RMA[Uµ(s)] ≡
∑
s
4∑
µ=1
tr
(
U †µ(s)
~HUµ(s) ~H
)
, (2)
under the SU(3) gauge transformation
Uµ(s)→ UΩµ (s) ≡ Ω(s)Uµ(s)Ω†(s+ µˆ), (3)
with Ω(s) ∈ SU(3). Let UMAµ (s) ∈ SU(3) be the link
variables in the MA gauge. We extract the Abelian part
of the link variables
uµ(s) = exp
(
iθ3µ(s)T3 + iθ
8
µ(s)T8
) ∈ U(1)3×U(1)8, (4)
by maximizing the norm Re tr
(
UMAµ (s)u
†
µ(s)
)
. The off-
diagonal part of the link variables is defined as
Mµ(s) ≡ UMAµ (s)u†µ(s) ∈ SU(3)/(U(1)3 ×U(1)8), (5)
which leads to the Cartan decomposition of the SU(3)
group,
UMAµ (s) =Mµ(s)uµ(s) = e
i
∑
α
θα
µ
(s)Tαei
~θµ(s)· ~H . (6)
In the MA gauge, there remains the residual U(1)
2
gauge symmetry with the global Weyl symmetry, i.e.,
3(a) SU(3) QCD (324 lattice, β = 6.4) (b) Abelian part (c) off-diagonal part
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FIG. 2: Examples of effective mass plots at β = 6.4 on the 324 lattice for (a) SU(3) QCD, (b) the Abelian part, and (c) the
off-diagonal part. Here, we display on-axis data of r = 3, 6, 9, 12, 15 in lattice units. The solid horizontal lines denote the
obtained values of V (r), VAbel(r), and Voff(r), from the least-squares fit with the single-exponential form (10), and are extended
in the corresponding fit range of tmin ≤ t ≤ tmax − 1.
the permutation symmetry on the color index [17, 20]. In
fact, RMA in Eq. (2) is invariant under the U(1)
2
gauge
transformation
Uµ(s)→ Uωµ (s) ≡ ω(s)Uµ(s)ω†(s+ µˆ), (7)
with ω(s) ∈ U(1)3×U(1)8, and it is also invariant un-
der the global color permutation. By the residual gauge
transformation (7), uµ(s) and Mµ(s) transform as
uµ(s)→ uωµ(s) ≡ ω(s)uµ(s)ω†(s+ µˆ)
Mµ(s)→Mωµ (s) ≡ ω(s)Mµ(s)ω†(s),
(8)
where Mµ(s) keeps the form of e
i
∑
α
θα
µ
(s)Tα ∈
SU(3)/U(1)2. Then, the Abelian link variables uµ(s)
behave as gauge variables in U(1)2 lattice gauge the-
ory, which is similar to the compact QED. As mentioned
above, the MA-projected Abelian theory has not only the
electric current, but also the magnetic-monopole current.
III. SETTING FOR NUMERICS AND CARTAN
DECOMPOSITION OF THE QQ¯ POTENTIAL
For the numerical analysis, we perform SU(3)
quenched lattice QCD Monte Carlo simulations using the
standard plaquette action. We investigate several 12332,
16332, and 324 lattices at β ≡ 6/g2 = 5.8–6.4. For the
12332 and 16332 lattices, we identify 123 and 163 as the
spatial sizes and 32 as the temporal one. The simula-
tion condition and related quantities are summarized in
Table I. After a thermalization of 20000 sweeps, we sam-
ple the gauge configuration every 500 sweeps. Then, to
study the Abelian and off-diagonal parts, we numerically
maximize RMA in Eq. (2) for each configuration until
it converges. We use the overrelaxation method for the
maximization algorithm to improve convergence [17]. As
for the stopping criterion, we stop the maximization al-
gorithm, when the ratio of the deviation ∆RMA/RMA
after the one-sweep gauge transformation is less than
∼ 10−9 for the 12332 and 16332 lattices and ∼ 10−5 for
the 324 lattices in this calculation. The converged values
of RMA/(4L
3Lt) are 0.7072(6) with 16
332 at β = 5.8;
0.7321(11), 0.7322(7), and 0.7318(3) with 12332, 16332,
and 324 at β = 6.0, respectively; 0.7510(7) with 16332 at
β = 6.2; and 0.7656(3) with 324 at β = 6.4. Here, the
values in parentheses denote the standard deviation. Be-
cause of the fairly small standard deviation of RMA, the
maximized value of RMA is almost the same over 200–600
gauge configurations. In fact, our procedure seems to es-
cape bad local minima, where RMA is relatively small.
Then, we expect that the Gribov copy effect is not so
significant in our calculation.
We calculate the QQ¯ potential
V (r) = − lim
t→∞
1
t
ln 〈WC [Uµ(s)]〉 (9)
from the Wilson loop WC [Uµ(s)] ≡ tr (
∏
C Uµ(s))
for the on-axis and off-axis interquark directions as
(1, 0, 0), (1, 1, 0), (1, 1, 1), (2, 1, 0), (2, 1, 1), (2, 2, 1). Here,
C denotes the closed r×t rectangle trajectory, and 〈· · · 〉 is
the statistical average over the gauge configurations. We
extract V (r) from the least-squares fit with the single-
exponential form
〈W (r, t)〉 = C(r)e−V (r)t. (10)
Here, we choose the fit range of tmin ≤ t ≤ tmax such
that the stability of the so-called effective mass
V eff(r, t) ≡ ln 〈W (r, t)〉〈W (r, t+ 1)〉 (11)
is observed in the range tmin ≤ t ≤ tmax − 1.
4(a) Cartan decomposition of QQ¯ potensial (b) perfect Abelian dominance (c) summation formula: V ≃ VAbel + Voff
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FIG. 3: (a) Cartan decomposition of the QQ¯ potential. The circles, squares, and triangles denote the QQ¯ potential V (r), the
Abelian part VAbel(r), and the off-diagonal part Voff(r), respectively. The filled and open symbols denote the data at β = 6.4
and 6.0, respectively. The curves are obtained by the best fit with Eq. (1) for each part at β = 6.4 as listed in Table II. (b)
Fit analysis of V (r)− VAbel(r) to illustrate the perfect Abelian dominance of quark confinement. The orange solid curve is the
best fit with the Coulomb-plus-linear ansatz of Eq. (1). The blue dotted curve is the best fit with the pure Coulomb ansatz
[Eq. (1) with σ = 0]. (c) Comparison between VAbel(r)+ Voff(r) (red open pentagons) and V (r) (black filled circles) at β = 6.0
and 6.4, except for an irrelevant constant. Their agreement indicates the summation formula (15).
TABLE II: Fit analysis with the Coulomb-plus-linear ansatz for the QQ¯ potentials. For each potential, the best-fit parameter
set (σ,A,C) is listed in the functional form of Eq. (1) in lattice units. For V − VAbel, the best-fit parameter set (A,C) is also
listed with σ = 0.
324, β = 6.4 324, β = 6.0 16332, β = 5.8
σ A C σ A C σ A C
V 0.01528(12) 0.265(3) 0.598(1) 0.0471(4) 0.290(7) 0.659(4) 0.0988(19) 0.315(25) 0.679(15)
VAbel 0.01550(06) 0.056(1) 0.167(1) 0.0475(2) 0.044(3) 0.178(2) 0.0988(08) 0.039(10) 0.183(06)
Voff −0.00037(03) 0.175(1) 0.391(1) −0.0009(1) 0.139(3) 0.415(1)
V − VAbel −0.00024(11) 0.209(3) 0.432(1) −0.0005(3) 0.247(6) 0.481(3) −0.0010(17) 0.285(21) 0.502(12)
V − VAbel 0 0.205(1) 0.429(1) 0 0.240(3) 0.476(1) 0 0.273(09) 0.494(03)
VAbel + Voff 0.01528(07) 0.227(2) 0.556(1) 0.0459(2) 0.201(4) 0.602(2)
We also calculate the MA projection of the QQ¯ poten-
tial
VAbel(r) = − lim
t→∞
1
t
ln 〈WC [uµ(s)]〉 (12)
from the Abelian Wilson loop in the MA gauge
WC [uµ(s)], which is invariant under the residual Abelian
gauge transformation (8). For the off-diagonal part of
the QQ¯ potential
Voff(r) = − lim
t→∞
1
t
ln 〈WC [Mµ(s)]〉 , (13)
we fix the residual Abelian gauge symmetry (8) by taking
the U(1)3 ×U(1)8 Landau gauge, which is performed by
maximizing
RL[uµ(s)] ≡
∑
s
4∑
µ=1
Re tr (uµ(s)) (14)
under the gauge transformation (8).
To calculate the QQ¯ potentials accurately, we adopt
the gauge-invariant smearing method, which reduces the
excited-state components and enhances the ground-state
overlap in the QQ¯ system. We adopt the smearing pa-
rameter α = 2.3, which is a standard value for the mea-
surement of the QQ¯ potential [2, 3], and the iteration
number Nsmr = 60, 60, 40, 20 for SU(3) QCD and the off-
diagonal part at β = 6.4, 6.2, 6.0, 5.8, respectively. For
the Abelian part, we adopt α = 2.3 and the iteration
number Nsmr = 7, 3, 2, 1 at β = 6.4, 6.2, 6.0, 5.8, respec-
tively. Here, Nsmr is chosen so that the ground-state
overlap is largely enhanced for each part and at each β.
We have confirmed that the result is almost unchanged
when the iteration number Nsmr is changed to some ex-
tent.
We exclude the four small-r data points (r ≤ 2 in lat-
tice units) because they suffer from a large discretiza-
tion. (Many previous studies used the same manner, e.g.,
Refs. [2, 17, 18].) In addition, we exclude some large-r
5data points because of a lack of statistics for convergence.
We use the jackknife method for the error estimate. By
way of illustration, we show the effective mass plots for
each part in lattice units at β = 6.4 for on-axis data in
Fig. 2. Owing to the smearing, the effective mass seems
to be stable even for small T .
IV. PERFECT ABELIAN DOMINANCE OF
QUARK CONFINEMENT AND SUMMATION
FORMULA
Figure 3(a) shows the lattice QCD results of the orig-
inal QQ¯ potential V (r), the Abelian part VAbel(r), and
the off-diagonal part Voff(r) at β = 6.4 and 6.0. For each
part, we show the best-fit curve of Eq. (1) at β = 6.4.
The fit analyses are summarized in Table II.
Remarkably, we find almost perfect Abelian dominance
of the string tension, σAbel ≃ σ, on the 324 lattice at
β = 6.4, 6.0 and on the 16332 lattice at β = 5.8, as sum-
marized in Table I. On the other hand, the off-diagonal
part Voff(r) has almost zero string tension, σoff ≃ 0, and
is almost a pure Coulomb-type potential. To demon-
strate the perfect Abelian dominance conclusively, we in-
vestigate V (r)− VAbel(r) through a fit analysis with the
Coulomb-plus-linear ansatz of Eq. (1) (fit 1) and the pure
Coulomb ansatz of Eq. (1) with σ = 0 (fit 2). In Fig. 3(b)
and Table II, fit 1 reveals that V (r)−VAbel(r) has almost
zero string tension, σ ≃ 0. Moreover, V (r) − VAbel(r) is
well described by the pure Coulomb ansatz (fit 2) be-
cause fits 1 and 2 are consistent. Thus, we conclude that
there is no difference between the string tensions in V (r)
and VAbel(r) with almost perfect precision.
On the smaller lattices of 12332 and 16332 at β = 6.0
and 16332 at β = 6.2, however, we cannot see the per-
fect Abelian dominance of the string tension as shown
in Table I. By using the on-axis data points on the 164
lattice at β = 6.0, only approximate Abelian dominance,
σAbel/σ ≃ 0.90, was reported in the previous study by
Stack et al. [17]. By using the five types of off-axis data
with on-axis data, the ratio σAbel/σ ≃ 0.94 is improved
on 16332 at β = 6.0 (as shown in Table I), but it is not
perfect. Also, we find only approximate Abelian dom-
inance on the 12332 lattice at β = 6.0 and the 16332
lattice at β = 6.2, as σAbel/σ ≃ 0.94–0.95. Therefore, we
conclude that the perfect Abelian dominance of the string
tension can be seen on the 324 lattice at β = 6.4, 6.0 and
the 16332 lattice at β = 5.8, but it cannot seen on the
12332 and 16332 lattices at β = 6.2, 6.0.
It is likely that a large physical volume is necessary
for the perfect Abelian dominance of the string tension.
In fact, as shown in Table I and Fig. 4, the 324 lattice
at β = 6.4, 6.0 and the 16332 lattice at β = 5.8 have
large spatial volumes of La = 32a ≃ 1.9, 3.3 fm and
La = 16a ≃ 2.4 fm on a side, while the lattices of 12332
and 16332 at β = 6.0 and 16332 at β = 6.2 have slightly
small spatial volumes of La ≃ 1.2–1.6 fm. Thus, perfect
Abelian dominance seems to be realized when the phys-
β = 6.4 (L = 32)
β = 6.2 (L = 16)
β = 6.0 (L = 12, 16, 32)
β = 5.8 (L = 16)
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FIG. 4: Physical spatial-size dependence of σAbel/σ. Perfect
Abelian dominance (σAbel/σ ≃ 1) seems to be realized when
the spatial size La is sufficiently large.
ical spatial volume of the lattice is approximately larger
than (2 fm)3.
In contrast to Abelian dominance for the long-distance
confinement properties, there is a significant difference
between V (r) and VAbel(r) at short distances. Fine lat-
tices are necessary for the accurate analysis of the short-
distance behavior of the potential, and it is preferable to
use our results obtained on the fine lattice at β = 6.4.
From the analysis of the QQ¯ potential V (r), the Abelian
part VAbel(r), and the off-diagonal part Voff(r), we find
a simple but nontrivial summation formula of
V (r) ≃ VAbel(r) + Voff(r), (15)
as shown in Fig. 3(c). This summation formula indi-
cates that the short-distance difference between V (r) and
VAbel(r) is almost complemented by the off-diagonal part
Voff(r). Note, however, that in the non-Abelian theory
this simple summation formula is fairly nontrivial, be-
cause the link variables are not commutable. In general,
one finds
tr
(∏
C
Mµ(s)uµ(s)
)
6= tr
(∏
C
Mµ(s)
)
tr
(∏
C
uµ(s)
)
,
i.e., WC [Uµ(s)] 6= WC [Mµ(s)] ·WC [uµ(s)], and therefore
the summation formula (15) is nontrivial.
V. SUMMARY AND CONCLUDING REMARKS
We have studied the MA projection of quark confine-
ment in SU(3) lattice QCD by investigating the QQ¯
potential V (r), the Abelian part VAbel(r), and the off-
diagonal part Voff(r). We have investigated various
quenched lattices with several spacings and volumes, e.g.,
324 lattice at β = 6.4, 6.0, and have performed a potential
analysis using both on-axis data and several types of off-
axis data, with larger numbers of gauge configurations.
Remarkably, we have found almost perfect Abelian dom-
inance of the confinement force (or the string tension) on
the large physical-volume lattice of 324 at β = 6.4, 6.0.
6In addition, we have found a nontrivial simple summa-
tion formula of V (r) ≃ VAbel(r) + Voff(r). Thus, in spite
of the non-Abelian nature of QCD, quark confinement is
entirely kept in the Abelian sector of QCD in the MA
gauge. In other words, the Abelianization of QCD can
be realized without the loss of the quark-confining force
via the MA projection. This fact could be meaningful to
understanding the quark-confinement mechanism in the
non-Abelian gauge theory of QCD.
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